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Abstract
In this paper, we establish some nontrivial and effective upper bounds for the least
common multiple of consecutive terms of a finite arithmetic progression. Precisely, we
prove that for any two coprime positive integers a and b, with b ≥ 2, we have
lcm (a, a+ b, . . . , a+ nb) ≤ (c1 · b log b)
n+⌊ab ⌋ (∀n ≥ b+ 1),
where c1 = 41.30142. If in addition b is a prime number and a < b, then we prove that
for any n ≥ b+ 1, we have lcm (a, a+ b, . . . , a+ nb) ≤
(
c2 · b
b
b−1
)n
, where c2 = 12.30641.
Finally, we apply those inequalities to estimate the arithmetic function M defined by
M(n) := 1ϕ(n)
∑
1≤ℓ≤n
ℓ∧n=1
1
ℓ (∀n ≥ 1), as well as some values of the generalized Chebyshev
function θ(x; k, ℓ).
MSC 2010: Primary 11A05, 11B25.
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1 Introduction and Notation
Throughout this note, we let N∗ denote the set N \ {0} of positive integers. The letter p always
denotes a prime number and the sequence of all prime numbers is denoted by (pn)n∈N∗ . We let
ϑp denote the usual p-adic valuation. We denote by ⌊.⌋ the integer-part function. For x > 0 and
k, ℓ ∈ N∗, we set π(x) :=
∑
p≤x 1 and θ(x; k, ℓ) :=
∑′
p≤x log p, where the sum
∑′ is over all the
primes in the arithmetic progression of first term ℓ and common difference k. We also denote
by k ∧ ℓ the greatest common divisor of k and ℓ. For n ∈ N∗, we define ω(n) :=
∑
p|n 1 and
M(n) := 1
ϕ(n)
∑
1≤ℓ≤n
ℓ∧n=1
1
ℓ
, where ϕ denotes the Euler totient function. For a, b ∈ N∗, we define
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La,b,n := lcm (a, a + b, . . . , a+ nb). In order to simplify some statements, we set c1 := 41.30142,
c2 := 12.30641, c3 := 1.25507, c4 := 3.35609, c5 := 1.38402, c6 := 1.57681 and c7 := 2.1284.
Chebyshev [4] was the first to obtain in 1850 an effective bound for the function π. In par-
ticular, he proved that the prime number theorem is equivalent to the statement
log lcm(1, 2, . . . , n) ∼+∞ n. Recently, several authors are interested to estimate the least com-
mon multiple of consecutive terms of arithmetic progressions. Hanson [8] has shown, since
1972, that lcm (1, 2, . . . , n) ≤ 3n (∀n ∈ N∗). In 1982, Nair [15] established a simple proof that
lcm (1, 2, . . . , n) ≥ 2n (∀n ≥ 7). In the continuation, Farhi [6, 7] proved that for any coprime
positive integers a and b, we have
La,b,n ≥ a(b+ 1)
n−1 (∀n ∈ N). (1.1)
Furthermore, many authors obtained improvements for the last estimate when n is sufficiently
large in terms of a and b (see e.g., [9, 10, 13]). In another direction, various asymptotic estimates
for the least common multiple of integer sequences have been obtained by several authors; for
example, Bateman [1] proved that for any a, b ∈ Z, with b > 0, a+ b > 0 and a∧ b = 1, we have
logLa,b,n ∼+∞ bM(b)n. (1.2)
For other type of sequences such as polynomial sequences or Lucas sequences, there are also
several works that devoted to studying their least common multiple (see e.g., [3, 5, 11, 12, 14,
16]).
In this paper, we establish some nontrivial upper bounds for the least common multiple
of consecutive terms of an arithmetic progression. As a consequence, we derive on the one hand
effective bounds and an equivalent for M(n) (when n tends to infinity), and on the other hand
a nontrivial upper bound for θ (x; k, ℓ) when x, k and ℓ satisfy some conditions. It must be
noted that although estimates of θ (x; k, ℓ) exist in the mathematical literature (see e.g., [2]),
the methods of obtaining them are (unlike our own) not elementary in the sense that they do
use the theory of analytic functions. Our main results are given in the following:
Theorem 1.1. Let a and b be two coprime positive integers, with b ≥ 2. Then, for any integer
n ≥ b+ 1, we have
La,b,n ≤ (c1 · b log b)
n+⌊ab⌋ .
Theorem 1.2. Let a be a positive integer and b be a prime number greater than a. Then, for
any integer n ≥ b+ 1, we have
La,b,n ≤
(
c2 · b
b
b−1
)n
.
Corollary 1.3. For any integer r ≥ 2, we have
log(r + 1) ≤ rM(r) ≤ log r + log log r + log c1.
The following corollary is immediate.
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Corollary 1.4. We have
M(r) ∼+∞
log r
r
.
Corollary 1.5. Let ℓ be a positive integer and k be a prime number greater than ℓ. Then, for
any real number x ≥ k(k + 1), we have
θ(x; k, ℓ) ≤ x
(
2c3
k
+
log k
k − 1
)
.
2 Preliminaries
2.1 Previously known results
Theorem 2.1 (Rosser et al. [18]).
1. For any integer n ≥ 2, we have
∑
p≤n
log p
p
≤ log n.
2. For any integer n ≥ 6, we have pn ≤ n (log n+ log log n).
3. The series
∑
p
log p
p(p−1)
converges to the number 0, 7553666111 · · · < log c7.
Theorem 2.2 (Hanson [8]). For any real number x > 1, we have
π(x) ≤ c3
x
log x
.
Theorem 2.3 (Robin [17]). For any integer n ≥ 3, we have
ω(n) ≤ c5
logn
log log n
.
2.2 Lemmas
Lemma 2.4. Let a and b be two coprime positive integers such that a < b. Then, for any
integer n ≥ b+ 1, we have ∏
p≤n
pϑp(La,b,n) ≤
c2
n
(a+ nb)ω(b)
.
Proof. Let n ≥ b+1 be an integer. First, we remark that for any prime number p dividing b, we
have ϑp (La,b,n) = 0. Indeed, if p | b then p ∤ a (since a ∧ b = 1) and therefore p does not divide
any term of the arithmetic sequence (a+ kb)k∈N; thus p ∤ La,b,n. Next, for any prime number
p, the number pϑp(La,b,n) is the highest power of p that divides at least one of the numbers
a, a + b, . . . , a+ nb; so, we have pϑp(La,b,n) ≤ a+ nb. Consequently, we have∏
p≤n
pϑp(La,b,n) =
∏
p≤n
p∤b
pϑp(La,b,n) ≤
∏
p≤n
p∤b
(a+ nb) = (a+ nb)π(n)−ω(b).
Then, since a + nb ≤ n2 (because n ≥ b+ 1 > a), it follows that:∏
p≤n
pϑp(La,b,n) ≤
n2π(n)
(a + nb)ω(b)
=
e2π(n) logn
(a+ nb)ω(b)
.
The required estimate then follows from Theorem 2.2.
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Lemma 2.5. Let a and b be two coprime positive integers. Then, for any natural number n,
we have ∏
p>n
pϑp(La,b,n) divides
a (a + b) · · · (a + nb) ·
∏
p≤n
p|b
pϑp(n!)
n! ·
∏
p≤n
p∤b
pϑp(n+1)
. (2.1)
Proof. For n ∈ {0, 1}, the relation (2.1) is trivial. Suppose for the sequel that n ≥ 2. Let An
and Bn respectively denote the left-hand side and the right-hand side of (2.1). We will show
that ϑq (An) ≤ ϑq (Bn) for any prime number q, which concludes that An divides Bn. Let q be
an arbitrary prime number. In the case where q divides b, we have q ∤ a (since a ∧ b = 1) and
thus q does not divide any term of the arithmetic sequence (a+ kb)k∈N, implying that q does
not divide La,b,n, and we have therefore
ϑq (Bn) = ϑq


∏
p≤n
p|b
pϑp(n!)
n!

 = ϑq (n!)− ϑq (n!) = 0 = ϑq (An) .
It thus remains to show the inequality ϑq (An) ≤ ϑq (Bn) in the case where q does not divide b.
Suppose for the sequel that q ∤ b and define Sa,b,n := {a, a + b, . . . , a+ nb}. We distinguish the
following two cases:
• 1st case: (if q ≤ n). In this case, we have obviously ϑq (An) = 0. So, we must to show that
ϑq (Bn) ≥ 0. For any positive integer ℓ, we let xℓ denote the only solution of the congruence
a+ bx ≡ 0 (mod qℓ) in the set {0, 1, . . . , qℓ−1}. The number of elements of the set Sa,b,n which
are multiples of qℓ is then equal to the number of integers x such as 0 ≤ x ≤ n and x ≡ xℓ
(mod qℓ); which is clearly equal to
⌊
n−xℓ
qℓ
⌋
+ 1. Consequently, we have
ϑq (a (a + b) · · · (a + nb)) =
∑
ℓ≥1
(⌊
n− xℓ
qℓ
⌋
+ 1
)
=
∑
ℓ≥1
(⌊
n− xℓ + q
ℓ
qℓ
⌋)
≥
∑
ℓ≥1
⌊
n+ 1
qℓ
⌋
= ϑq ((n + 1)!) .
Hence ϑq (Bn) = ϑq (a (a + b) · · · (a+ nb))− ϑq((n+ 1)!) ≥ 0, as required.
• 2nd case: (if q > n). In this case, since the congruence a + bx ≡ 0 (mod q) has exactly one
solution in the set {0, 1, . . . , q − 1} (because b ∧ q = 1) then it has at most one solution in the
set {0, 1, . . . , n}. This means that q divides at most one element of the set Sa,b,n. Consequently,
we have ϑq (An) = ϑq (La,b,n) = ϑq (a (a + b) · · · (a + nb)) = ϑq (Bn). This confirms the required
result and completes the proof of the lemma.
Lemma 2.6. For any integer b ≥ 3, we have
∏
p|b
p1/p ≤ c6 log b.
Proof. If ω(b) = 1 then there exists a prime number q1 and a positive integer m such that
b = q1
m. Then we have
∏
p|b p
1/p = q1
1/q1 ≤ 31/3 ≤ c6 log 3 ≤ c6 log b (since the function
4
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n 7→ n1/n reaches its maximum on the set N∗ at n = 3). Suppose for the sequel that ω(b) ≥ 2
and let us firstly show that: ∑
p|b
log p
p
≤
∑
p≤pω(b)
log p
p
. (2.2)
In the case where b is even, Inequality (2.2) immediately follows from the decrease of the
function x 7→ log x
x
on the interval [3,+∞). If now b is odd, then, denoting by q the largest
prime factor of b, we have (since ω(b) ≥ 2 by hypothesis) q ≥ 5. It follows again from the
decrease of the function x 7→ log x
x
on the interval [3,+∞) that:
∑
p|b
log p
p
=
∑
p|b
p 6=q
log p
p
+
log q
q
≤
∑
3≤p≤pω(b)
log p
p
+
log 5
5
≤
∑
p≤pω(b)
log p
p
;
confirming (2.2) also in the case where b is odd.
Now, by taking the exponential of both sides of (2.2), we get
∏
p|b
p1/p ≤
∏
p≤pω(b)
p1/p. (2.3)
For ω(b) ∈ {2, 3, 4, 5}, we check by hand that
∏
p≤pω(b)
p1/p ≤ c6 log
(∏
p≤pω(b)
p
)
≤ c6 log b,
which concludes (according to (2.3)) to the required estimate of the lemma. If, on the contrary,
ω(b) ≥ 6, then we have (from Theorem 2.1):
∏
p≤pω(b)
p1/p ≤ pω(b) ≤ ω(b) (log ω(b) + log log ω(b)) .
Combining this with Theorem 2.3 and the inequality ω(b) ≤ log b (which itself derives from
Theorem 2.3 and the fact that log b ≥ c5, since b ≥ 2 · 3 · 5 · 7 · 11 · 13 ≥ e
ec5 ), we get
∏
p≤pω(b)
p1/p ≤ c5
log b
log log b
(log c5 + log log b− log log log b+ log log log b)
=
(
c5 +
c5 log c5
log log b
)
log b
≤
(
c5 +
c5 log c5
log log (2 · 3 · 5 · 7 · 11 · 13)
)
log b
≤ c6 log b.
Which again concludes (according to (2.3)) to the required estimate of the lemma. This com-
pletes the proof.
Lemma 2.7. Let b ≥ 2 and n ≥ 2 be two integers. Then, we have
∏
p|b
pϑp(n!) ≤ (c4 log b)
n .
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Proof. For b = 2, the estimate of the lemma immediately follows from Legendre’s formula.
Indeed, we have∏
p|2
pϑp(n!) = 2ϑ2(n!) = 2⌊
n
2
⌋+⌊n
4
⌋+⌊n
8
⌋+... ≤ 2
n
2
+n
4
+n
8
+... = 2n ≤ (c4 log 2)
n .
Now, suppose that b ≥ 3. By using successively Legendre’s formula, Lemma 2.6 and the point
3 of Theorem 2.1, we have
∏
p|b
pϑp(n!) =
∏
p|b
p⌊
n
p⌋+
⌊
n
p2
⌋
+...
≤
∏
p|b
p
n
p
+ n
p2
+...
=

∏
p|b
p
1
p


n
∏
p|b
p
1
p(p−1)


n
≤ (c6c7 log b)
n ≤ (c4 log b)
n ,
as required. This completes the proof of the lemma.
3 Proofs of our main results
Proof of Theorem 1.1. Let n ≥ b+1 be an integer and let us first assume that a < b. By using
successively Lemmas 2.4, 2.5 and 2.7, we have
La,b,n =
(∏
p≤n
pϑp(La,b,n)
)(∏
p>n
pϑp(La,b,n)
)
≤
c2
n
(a+ bn)ω(b)
·
a (a+ b) · · · (a + nb)
n!
·
∏
p≤n
p|b
pϑp(n!)
≤ c2
n (a+ nb)
(a + nb)ω(b)
·
b(2b)(3b) · · · (nb)
n!
·
∏
p|b
pϑp(n!)
≤ c2
nbn (c4 log b)
n ≤ (c1 · b log b)
n ,
as required. Next, if a > b, then by setting q := ⌊a/b⌋ and a′ := a− qb < b, we have obviously
La,b,n divides La′,b,q+n; which leads to the required result by applying the first case to the triplet
(a′, b, q + n) instead of (a, b, n). This completes the proof of the theorem.
Proof of Theorem 1.2. It suffices to repeat the previous proof of Theorem 1.1 (the first case
precisely) and to use the following estimate∏
p≤n
p|b
pϑp(n!) = bϑb(n!) = b⌊
n
b ⌋+⌊
n
b2
⌋+... ≤ b
n
b−1
instead of that of Lemma 2.7.
Proof of Corollary 1.3. Given r ≥ 2 an integer and n ≥ r + 1 an integer, we have by using
Estimate (1.1) and then Theorem 1.1:
n− 1
n
log(r + 1) ≤
logL1,r,n
n
≤ log r + log log r + log c1.
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The required result follows by taking the limits of both sides of the last double inequality, as n
tends to infinity, and use Estimate (1.2).
Proof of Corollary 1.5. Let x ≥ k(k + 1) and m :=
⌊
x
k
⌋
. We have clearly:
θ(x; k, ℓ) ≤ log lcm (ℓ, ℓ+ k, . . . , ℓ+mk) = logLℓ,k,m.
On the other hand, since m ≥ k + 1 (because x ≥ k(k + 1)), we have (according to Theorem
1.2):
logLℓ,k,m ≤ m
(
log c2 +
k log k
k − 1
)
≤ x
(
2c3
k
+
log k
k − 1
)
,
which concludes to the required result.
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